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E—J} AlphaProof J&/R T — MRS : LG Lean, FIH] proof assistant [ S HHIE R
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theorem/proof 28 iS5/ #) formal theorem /proof.

Why Math and Coding?

+ Proxies for complex reasoning and planning
+ Important in human intelligence; challenging for LLMs
+ Unlimited applications: travel planning, calendar scheduling, etc.

* Relatively easy to evaluate
+ Math: check the answers
+ Coding: run unit tests
+ Writing a crime fiction? Composing a symphony?

Formal Reasoning Meets LLMs: Towards Al for Mathematics and 6
Verification
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How LLMs are Trained to Solve Math
Problems?

 Supervised finetuning (SFT): “Good data is all you need!”

* Reinforcement learning (RL): “Verifiability is all you need!”

* Methods are straightforward, but the devil is in the details, e.g., data curation/
cleaning, infrastructures for training and inference

Formal Reasoning Meets LLMs: Towards Al for Mathematics and
Verification

K 2 By LLM i WllZk 045 SFT 2 “H AR ES”, RL & “AIRiEEREZ" . K-
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How LLMs are Trained to Solve Math
Problems?

+ State-of-the-art math LLM = strong pretrained model + two post-training
techniques + marvelous engineering

» Supervised finetuning (SFT): “Good data is all you need!”

* Reinforcement learning (RL): “Verifiability is all you need!”

Formal Reasoning Meets LLMs: Towards Al for Mathematics and

Verification 2
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LLMs Alone are Not Enough

» Current math LLMs rely heavily on data and verifiability

+ Data scarcity
+ Limited to data-rich domains, e.g., pre-college math
+ Cannot tackle advanced math or proofs
» Lack of verifiability
+ Solutions can only be evaluated by comparing with the ground truth
+ Limited to problems with numeric solutions, e.g., GSM8K, MATH
* Not applicable to most problems in advanced math

Formal Reasoning Meets LLMs: Towards Al for Mathematics and 29
Verification

Kl 4: LLM alone FyRRTH: FEfaG. BAEA R, shfEssE K. ®E: B slides p.29,

3.1 B Ti: Formal Reasoning

RYPFA RIS R BRFRATE formal reasoning, HIFEEAHER 4 EXE Lean, Coq. Isabelle 2
ARG . BXRSG L theorem/proof 48 AL WA XTS5, H H W PATE proof search #2145
JarEB U -

The Missing Ingredient: Formal Reasoning

B Q Formal Mathematical Reasoning:
ﬁ =l - ii A New Frontier in Al
Kalyu Yang', Gabriel Poesia®, Jingvuan He',
Winda Li’, Kristin Lauter', Swarat Chaudhuri’, Dawn Song®
"Meta FAIR, "Stantord University, 'UC Berkeley, *Uriversity of Lidinburgh, *U'T Austin
.

[Yang et al. "Formal Mathematical Reasoning: A New Frontier in Al"
2024]
* Mathematical reasoning grounded in formal systems, e.g.,
« First/higher-order logic, dependent type theory
« Computer programs & formal specifications
» Formal systems can verify proofs and provide automatic feedback
 Learning from feedback mitigates data scarcity
« Verification enables rigorous evaluation of reasoning
* We need to integrate formal reasoning with informal reasoning by LLMs

Formal Reasoning Meets LLMs: Towards Al for Mathematics and 31
Verification
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3.2 Lean: U5l afir:

slides f Lean {4 @/~ formalizing mathematics: —/> theorem statement, [2"F 3. H#x. proof
tree. project FUKH et [FI A4 B AEBIEAEE . Lean N E—/NEMIEER R, e — A HERIEHIER
Bi. BIRZMH theorem proving, MUFREFEX NI HIERE T —4 tactic B K58 proof,

Formalizing Mathematics in Lean

Lean file

inductive Nat where
zero @ Nat
succ @ Nat - Nat
def add (m n : Nat]l : Nat :=
match n with
s2ero =
.succ n' => .succ (add m n*)
theorem add_zero (n : Nat) : add .zero n = n := by
induction n with
zero =» rfl
suce n ik == simp [add, ih]

Formal Reasoning Meets LLMs: Towards Al for Mathematics and

Verification 83

K 6: Lean gtk Bies: S0, /B LTR3¢, HAERFI proof tree SL[RIMBGEIAEE . KIE: Bl
slides p.33,
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4 LLM %A deBiiri]

H 3l BLEAEX iR b 28 A —MERAE theorem F124Fi] Lean proof state, %A Y
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AR —RME5EERIET UL, M2TE proof assistant HZ L HEE.



LLMs for Theorem Proving

» We can train LLMs to generate either aiTypeul
: - Proof state gt:Seta
+ Next steps in the proof (a.k.a. tactic) S s

+ Complete proofs

* Proof steps can be assembled into complett
proofs using search algorithms

» How to generate the next step?

extx extx
simp
Proof step constructor <> intros <;> simp_all
Full proof
Formal Reasoning Meets LLMs: Towards Al for Mathematics and 43

Verification

& 7: LLM theorem prover A] PAZE N —# tactic, tAJDAA K 5E%E proof, K : ‘B slides p.43.

4.1 LeanDojo: JFijcdh. T HARIEHE

Yang 7141 LeanDojo, &K KR Z LLM prover 2 A 248, MELAIZ AL . LeanDojo $i2
BEFFREHE . 2R/ IPAGELE . BE2Y checkpoint, DA A Lean 3 H A 5 Lean A2 H¥) T.
H., slides 12511 LeanDojo Benchmark & 98,641 4~ theorem/proof., 217,639 /> tactic. 129,162

4~ premise.

Lean Dojo

LeanDojo: Theorem Proving with
“ ﬁ Retrieval-Augmented Language Models

Kaiiyu Yaig!, Aidan M. Swope
¥ Shixing Yu*, Sl Godil;
ICaliech, “NVIDIA, ®

https:/;

[Yang et al. “LeanDojo: Theorem Proving in Lean using Language Models” NeurlPS
2023]

» Previous LLM-based provers are private
» LeanDojo provides open-source
+ Data for training and evaluation
+ Trained model checkpoints
+ Tools for extracting data and interacting with Lean

Formal Reasoning Meets LLMs: Towards Al for Mathematics and 46
Verification
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LeanDojo Wi XY

‘B “LLM BEABETE Lean HLEM]” MALA demo AFALRIYIZE. WIPPAL. W& BLRBFFE )L
XHEEM ATP, Fdlalilt, proof state %7, premise A Lean 52 H f# R b BAARRIK
/N BER o

4.2 ReProver: &5 theorem prover

ReProver [#%.LJEAEE © 457€ 2411 proof state, MFTA A7) premises HPiGZRAH K, AR
ZEBA state P75 T tactic generation., X B R A B EE RAG B2, M21E formal proof
Hrggi/ Nl RS ] . — MIERPIRS AT A P lemma K2, WRARER, BRI EEE RFE R3] &
BT H,

Retrieval-Augmented Prover (ReProver)

 Given a state, we retrieve premises from the set of all accessible premises

k:HN
SWe | (k)% k1)) (k+1)=k+1 |

All accessible premises
in the math library

33K on average

Formal Reasoning Meets LLMs: Towards Al for Mathematics and

Verification 50

& 9: ReProver: EIEMAT state #Z A7) premise, F-A tactic. EYE: ‘B slides p.50,

4.3 W neural theorem prover [¥45§

— A~ neural theorem prover ] DAMEIE A M theorem H %, 43 proof search tree; &/4N7
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Summary: A Typical Neural Theorem Prover

Proof search

n:N
-add00=0 Q ih:addOn’=n’
add 0 (n'+1) =
n:N n'+1
ih;addOn’=n’
< ~add 0 (n'+1) =
) n'+1 .
$ Tactic
& h eneration
A ih: add 0 n'= ' 9 on .
-add00=0 Fadd 0 (n+1) = O si ih
NN cases n Rel (n'+1) @ ; snm;‘: [add, in]
~addOn=n nN Lcontext + v [ih]
F add 0 (n'+1) = | goal
e n'+1

2

e

N
n:N
+ false

4 10: 78 neural theorem prover: proof search, tactic generation, Lean interaction fl formal library
ghE . W B slides p.55.

e \Jinarith
" Language Tactic
model suggestion

S

Formal math library

55

AEHE theorem proving FIfLR AR

B2k )2 tactic 5 proof code, {HEIEAE S RIRES MR, Lean iR EIHH HAR. KIK
F MR premise PE N — PR . ARBMESLHEME R, ABREAMCA, LfEfl ATP [
BRGEEMERE -

4.4 ARFE;
LLM theorem proving Bt XA eI AR “8 N—FEEIERH”, 121 L8Y 8k proof search HfY)
FWE T . LeanDojo $EHEFFKFAEE, ReProver Rt R AT 4s/NR 2 (6], Lean 22 H MR AT &8 7
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5.1 LIPS: HSURESHLIRAEAUEW]

BT RV 45 /N shAEas ), BN ZE LIPS, B LLM-based Inequality Prover with Symbolic
Reasoning. BT[] Olympiad-level inequalities, JEANSEZCIEE A 20 BR 4 ICE A S5 9 2684, il 4n
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JRECS UEAH AR e o



Taming the Action Space in Proving Inequalities

[Li et al. "Proving Olympiad Inequalities by Synergizing LLMs and Symbolic Reasoning" ICLR
2025]

Given a, b, ¢ three reals, prove that Given a, b, ¢ three reals, prove that
ab+be+cagat+ b2+ c* ab +be +ca <a*+ b+

—l JApply Cauchy-Schwarz
___________________________________ |
i \2a+ b2+ b)) <at+bP 4?1
1

Neural network e i
—> + —> oy P

1 2

1
B b 1
l Simplify
_______________ .
| @b <a+ b

""""""""""" Symbolic tool T

Formal Reasoning Meets LLMs: Towards Al for Mathematics and
Verification
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B 1L ASERIE R T EOREIMEZSR]: WIBERRTE . SIBA R A SEIEE 2. B B slides
P-958,

Experimental Results
* Our system LIPS surpasses IMO Gold Medalists in inequality proving

T DeepSeck-R1 | Gold medalists | | LIPS

#Solved Olympiad-level Inequalities* 4/20 15/20 16/20

* Problems are collected from IMO competitions, national team selection test, training quizzes.

* LIPS achieves SoTA performance across various competition-level datasets

Dataset  # of Problems Neural Provers Symholic Provers Lins A
Dsp McTs  Aws’ | Cap!  Mwua!

ChenNTQ 41 0.0 17.0 - 0.3 682 | 951 2444

MO-INT 20 0.0 15.0 50,0 60.0 600 | 80.0 2001

S567NEQ Loo 0.0 4.0 540 520 | 680 1407

Total 161 0.0 8.6 59.0 570 | 763 17.37

t The code of A1ps has not been publicly available, we only include its originzlly reported results.
# Cab end MmA onlv output verificatior: results, they cannot produce human readable proofs

K 12: LIPS £ Olympiad-level inequalities [RJ%55H: 20 Firpfgde 16 i, EE: By slides p.64,

LIPS %k

243 ] prover JHIXTICIRBIVEZS B, SURFRA RIS T TR, 1@ REH . a0
ORISR, W HE B OOREEE AR
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5.2 AR/

B 3l E BERERAHE RO 2 BRI, s U U R =S A) . LIPS RYJE A 1eds
SE R AU LG | AR5 TRMGUREE, 0] PATEA rT AR i) AR A

6 Autoformalization: M informal %] formal
Ha M B AP GBI E L. slides KA T HIAT S5
¢ Theorem autoformalization: informal theorem — formal theorem,

o Proof autoformalization: informal theorem/proof + formal theorem — formal proof.

Autoformalization

o — — -

let p = minFac (n ! + 1)

348

o ———— o —

have f1 : n ! + 1w 1 := ne_of_gt <| succ_lt_succ <| factorial_pos
have pp : Prime p := minFac_prine f1
have np : n s p =
le_of_not_ge fun h =>
have hs : p | n = dvd_factorial (minFac_pos _) b
have h: : p 1 := (Nat.dvd_add_iff_right hi).2 (minFac_dvd _
pp.not_dvd_one h:
p. PP, PP} /
~

-

1 formalization
1

Informal math Formal theorem statement and proof

[Wu et al. "Autoformalization with Large Language Models" NeurlPS
2022]

Formal Reasoning Meets LLMs: Towards Al for Mathematics and

Verification 68

[l 13: Autoformalization [FEEAS A : HUAETE KB Fe4 P 08k2% . BV : B 7 slides p.68.

6.1 Mfl4. theorem autoformalization XivFAL

A B A A BT S - A TR E ST . — A E U Lean statement 7] DA 5
frdr, WATRERAVIER, (HEREMIELE HAEF theorem S, HAZ S HahHIWr. BRIE_E AT DAY
equivalence checking: jlEBH 4~ theorem HAH#EH o (H—BiE 00 T XA 4T, BHAR X EE] T theorem
proving 7~ &,
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Hard to Evaluate Autoformalized Theorems

No reliable automatic evaluation

theorem exists_intinite primes (A : W) 2 3 p, n=p & Prine p :
Theorem 1. There exrists an infinite number of primes.

Informal Formal

72

K 14: AZhEA{L theorem XEDAHZhIPAL: THREEAUEE LS M. B H5 slides p.72,

NIV G 5E, JUH2Y statement 37 XIZ %0 . K& AP a2 E . T2 autoformal-
ization HFFCH R ILAYE LA . FEAUG AR . BLEU /MHUUBE SR bn#i L RSO —i 7y, AN A AR 5K
P

B FR R IFE T

—~ autoformalized theorem AR Lean #2572, (HET4M. WM T EiAE. LT 4HiE, BES&FE
PG IR, HIHEVE L BRI JEEE I X Ff AT ZR i (EAN SR SE” BB R B 1] o

6.2 Mfl4 proof autoformalization #i

proof autoformalization [ R ME 2 informal proofs A reasoning gaps. HARESIEHES “2
IR” RN CEgEEET, WHGEEE NEIE . BN SCECE RN TR EGIERL AT gap-free,
A K& 20 BRER L IT 2] proof assistant RERG A FEIE .
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Key Challenges in Autoformalization

* Theorems: No reliable automatic evaluation
* Proofs: Reasoning gaps ubiquitous in informal proofs

theorem exists_infinite primes (n : M) : 3 p, n=p A Prine p :

Theorem 1. There erists an infinite number of primes. let p := minFac {n | + 1)
have f1 : n ! + 1 » 1 := ne_of_gt «<| succ_Lt_succ <| factorial_pos _
Proof. Let n be an arbitrary positive integer, and let have pp : Prime p := minFac_prime f1
p € Z* be a prime factor of n!+1. We can derivep > n have np : n=p :=
by noting that n! + 1 cannot be divided by positive le_of_not ge fun h = :
intepers from 2 to n. Since n is arbitrary, we have a2 (i £ 1) 0 0 Cb a2 s ) )
- = . TR have hz : p | 1 i= (Nat.dvd_add_iff_right hi).2 (minFac_dvd _}
praved that the number of primes is infinite m pp.not_dvd_one h.
ips NPy BP!
Informal Formal

78

& 15: HalERAB P AZ OBk . theorem METEAY, proof 7o reasoning gaps. EJE: HJ7 slides
p-78,

F1 AT AR 6 5 R e

Theorem RIGHFMN “ERT —PAEMHITE statement”; Proof M RN “FEH
K%, JoVEEBEE gap-free formal proof” . 3 22 W 75 ZEA ] Ak FIME 52 SRS

6.3 AR/

Autoformalization AU SCAR B Lean LS EIPE. B Ml SCEHr . RS &1 BB SO, P2
FESCEPEMGUFR . B2 ATP WHIEIR, WRmAs g R IR .
7 RRJLHAFILN . EDBHERR SR &0

Yang H] Euclidean geometry &7 autoformalization [RME, K8 JUE AEFIHLESE fenm &
arena, K5 JIAAERA & EKH diagrammatic reasoning., ¥FEE/ZE LeanEuclid: —/NH T H3hER
AT LB AS LAY benchmark, 183 H Euclid’s Elements f1 UniGeo B[]/,

13



Autoformalizing Euclidean Geometry

* LeanEuclid: Benchmark for autoformalizing Euclidean geometry
« 48 from Euclid’s Elements; 125 from UniGeo [Chen et al, UniGeo, EMNLP 2022

81

& 16: LeanEuclid: T [ KLU EH 3hER 4L benchmark, EJ: FEJ7 slides p.81.,

7.1 ZEEki: B ERWKAF T Lean M

JUBHENTA OB . ABSIFMRE, S L SRTTHXER, 3R T I
5. {H Lean AEK, BAXHINAE XA RIEXNRE" XD ZILEIEAEHRL” . Bk
BF, RS R BAF R, BUN AR A A E T B

#FEE ] Euclid’s Elements Book I Proposition 24 y#iBf: EEIER B AAEZ NS48, Bk
BHLAAME =M . M. AIUNKEREMEI. BIER IR, (BSR4 .

7.2 R LGRS 5%

ST U theorem, PFEERANZE T theorem equivalence checking: W theorem Z£4), 4 HAYY
AIPAIER] Ty & Ty FEFFEJUMTIEE S, ATLAEE) SMT solver SEfF S5 HERL G | 4Mi— iy . X2
B AT 0 R e o TR FE AR A T A PR 1511

14



Equivalence Checking Between Theorems

* Two theorems T} and T, are equivalent iff we can prove T} < T,
» Symbolic reasoning engine based on SMT solvers

theorem proposition_1 : ¥V (a b : Paint) (A3 : Line),
distinctPointsOnLine a b AB -

Je : Point, |(c-a)| = |(abl| & |(eb)| = \ra—bu\ 23 Equvalent? «

| —
Greund truth theorem ,CVCS x
SMT-based symbolic
theorem proposition_1' : ¥ (a b : Point) (4B : um-‘,,/ reasoning engine
a.onL:ne AB A b.onLine AB A a=b -
3 ¢ : Point, |(a=c)| = |(c=b)| A |(a=c)| = |(a=b!|

Autoformalized theorem

98

l 17: Theorem equivalence checking: FEFFE LA RGN 5 HERLG | PG AP theorem Z555
#ro WIE: B slides p.98.

7.3 Diagrammatic reasoning HiififjE fk

slides $#£%| Formal System E, T -Z|H Euclid’s Elements F {7 E MR, 082 EEHE
AT DA Y BB AR AL 5 SMT solver 256, iXkE, JUAE FRGHLE “FESR 156 A& 0] PAFE
FERIE R G0 P ) T HERE T 42

Modelinq Diagrammatic Reasoning
The Formal System E

[Avigad et al., "A formal system for Euclid's Elements", 2008]

» Diagrammatic reasoning are logical consequences of "diagrammatic rules”

centze unique : ¥V {a & : Point) (& : Ci {izCentze ¢ a} A (isCentre o @) — a - b
center_inside_circle : V (a : reinT) (a @ ntre c « i
inaide_not_aorn_cirnle : ¥ (a : Peint) (@ : Girele), irai 4 a

cetween same line in : Y {a b ¢ : Peint) IL : Line), (betwsen a b c) A {(cnline a L) A (
MT

- We imple" online © L) — coline b I
solvers

105

K 18: Formal System E: JERJLHESJ LA diagrammatic reasoning AN, EFE: B
75 slides p.105,
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JURA AT 258 4r A S

JUTFEBHELE BAES . B, 79 . REMEANERE 0. Bl autoformalization F4t [
B AL PR statement S84y, proof gap filling il diagram-to-logic %5, K I HbalifCE0ui 25

7.4 ARG,

WOLHEAG LT 2R T autoformalization FYAS 5 RME: A SEUEBHCOHR 5 oK a5 ) B 452,
T B B 50 PR A GB ARG . ML, 5 940 FURHEFR. 765401 Lean formal
ization JAER]l—4E 4 HL.

8 HEMFLARXK
B, AYHOPIAL AL

[Informal theogemblormalizhtommal theorenploof searfh ATP / neural )

and proof L in Lean ) theorem prover
: ) s N
Equivalence
Lean feedback
and gap checks L )

Theorem proving FZZEE b A ; autoformalization FFER]FEFEAN; TEW g H 552 theorem
proving BEHAT S REE . X A 23X T A BERER S — BT “RHIRBEAL” Fl—A> “UERIBL
Y, BEBRFWHARG: AN R UL Bk B T A .

Takeaways

» Two challenges in autoformalization
+ Autoformalized theorems are difficult to evaluate
+ Autoformalizing proofs require filling in reasoning gaps

» They can be addresses leveraging knowledge in specific domains

» Open problem: How to generalize across domains?
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19: #}EE takeaways: autoformalization [ theorem TEM}F proof gap EAZ.LHkiK, I Bhdds 4
WARAL R, YR : B slides p.113.
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8.1 AR/

Rt G4 B takeaways fR il : autoformalized theorems R¥MEFEA), autoformalizing proofs
7 LUK ubiquitous reasoning gaps; X W] A B4 E U AL, R ) Ay 15 45k
Ak,

9 R&LEE

XTIRASE I EAE T, B4 “LLM e 5l 7 AR o 5eH 1 . SFT/RL $24E24 1 math
LLM (A formal reasoning 2L 5 461IF)Z ; LeanDojo/ReProver 78 neural theorem prover [1]
B . MR H 454 ; LIPS R4l 2 o) anfef 45 /N shifE 43[R ; autoformalization il LeanEuclid J&
NERIES /BRI ATE X R G T8 SO .

MIGEETAER B, EEMSHEH A

1. ZRSUEASEUEWI A 85 . %5 math RL #9155 A L DA 35 = b i .

2. ATP RRZG T KA. KFK. proof search. Lean A2 HAMIZERAMIIL [ g 4558 .

3. Bl R A AL s AT T BRI R O PR A 2R s A1 AE S

4. Autoformalization MBRDJERSEYE: W 4i% statement U2, 1 AN A2 K

5. UM 1 Ra iR diagrammatic reasoning 2 M AZEUEH I 2CUERH F b 254k BRI RE 5o
AdEAIL/ATP BiH kA&

RSS2 /DB AR PU {3 formal statement [13E JE A SC MK AT ; proof search i FH 1Y
premise # R BNVEA N ; Lean KIGHF IR0 HAUEZ A H proof assistant J 37K
. WAL, SSREES RN BEH ARG IUER .

9.1  HiNARSLIB R[]
o WATHE3E I type-check B8R, o AN TR B H A autoformalization FE4)?
« ReProver R premise retrieval 5/ [f] 502240 0 8247

LIPS {8 s (E e T 24 &, Bae. Hehasais?

JUAH Y diagrammatic reasoning RERAE N ZAZS formal reasoning {18 FH X377

AlphaProof [y test-time RL {I{af 4 #}1) LeanDojo/ReProver /autoformalization 452k £ H:?

9.2 ek
o WFEET: Berkeley CS294/194-280 Advanced Large Language Model Agents, Spring 2025

o P slides: Formal Reasoning Meets LLMs: Towards Al for Mathematics and Verification

o f45i: Berkeley RDI YouTube recording
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https://rdi.berkeley.edu/adv-llm-agents/sp25
https://rdi.berkeley.edu/adv-llm-agents/slides/mathverification.pdf
https://www.youtube.com/watch?v=cLhWEyMQ4mQ
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